Abstract This paper considers the offshore supply vessel (OSV) planning problem, which consists of determining an optimal fleet size and mix of OSVs as well as their weekly routes and schedules for servicing offshore oil and gas installations. The work originates from a project with Statoil, the leading operator on the Norwegian continental shelf. We present both a new arc-flow and a voyage-based model for solving the OSV planning problem. A decision support tool based on the voyage-based model has been used by planners in Statoil, and cost savings from this was estimated to approximately 3 million USD/year. Weather conditions at the Norwegian continental shelf can be harsh; wave heights may limit both an OSV's sailing speed and the time to perform unloading/loading operations at the installations. Hence, we analyze the weather impact on the execution of a schedule and propose robustness approaches to obtain solutions that can better withstand delays due to rough weather. Simulations indicate that such solutions both are more robust and have lower expected costs. 
Introduction
Norway is among the world's largest oil and gas producing countries, with an oil production of more than two million barrels/day and annual natural gas production of more than 100 000 million m 3 . This production takes place at offshore installations on the Norwegian continental shelf. To ensure continuous production, the offshore installations need regular supplies of products from onshore supply depots located along the Norwegian coast. Specialized offshore supply vessels (OSVs) are used for this purpose. Figure 1 shows the relation between the onshore supply depot, OSVs and the offshore installations. The OSVs are one of the largest cost drivers in the upstream supply chain of oil and gas installations: Annual time charter cost of a single OSV can be 10-15 million USD. In addition are the costs of operating the OSVs, such as fuel costs.
OSVs are usually time chartered rather than owned by the energy companies. However, the energy companies decide and plan how the OSVs are used. The objective of this paper is to present some main results from a project with Statoil, the largest operator and license holder on the Norwegian continental shelf. The project's aim was to develop mathematical models to support planners obtaining better decisions regarding fleet composition and the weekly schedules. This problem is denoted the OSV planning problem, and consist of deciding how many and which types of OSVs to charter in and operate, as well as determining their optimal weekly routes and schedules. Such decisions will typically be valid for a few months depending on when large changes in demand for supplies are observed or expected. Such changes in demand can for example come from new exploration rigs or when an installation goes from drilling operations to production.
In this paper we describe the supply chain in which the OSVs operate, and we propose a new arc-flow model for the OSV planning problem. Its performance is compared with the voyage-based model suggested in [18] . Based on the large costs involved, it is easy to see that proper planning with respect to the fleet size and mix can give significant cost reductions. The environmental aspect from improved planning is also important. Statoil estimates that if the number of OSVs can be reduced by one, the CO 2 emissions can be reduced by about 10 000 tons/year.
The weather conditions at the Norwegian continental shelf can be harsh, especially during the winter season. Wave heights may limit an OSV's sailing speed and its ability to perform unloading/loading operations at the installations. Therefore, we also aim to create robust solutions with high probability to withstand these effects. Hence, we propose robustness approaches and a simulation analysis illustrating the effects on the solutions.
The remainder of this paper is organized as follows: Section 2 describes the supply chain for the distribution of products to offshore installations. A detailed presentation of the problem we consider is given in Section 3. A review of relevant literature is provided in Section 4. In Section 5, two different mathematical models for the problem are proposed, before the computational study on real problems for Statoil is summarized in Section 6. Section 7 discusses the weather impact on the operations. Here, we also present and analyze some approaches to create more robust solutions. Finally, the paper is concluded in Section 8.
Supply chain
Planning the supply chain for the distribution of products to the offshore installations is a challenging task. In this section, we give an overview of the different planning activities in the supply chain. This description is based on information from [26] . Figure 2 shows the main activities in the supply chain. The activities at the offshore installations, such as drilling, well, operations and maintenance, create a continuous demand for different products. These products can be categorized either as deck or bulk cargoes. The deck cargoes will be packed and loaded on the deck of the OSV, while the bulk cargoes are kept in tanks onboard the OSV during transportation. Some of the products may be kept in storage at the onshore supply depots, while others must be ordered from other suppliers when needed. Statoil's general rule is that demand must be registered until 4pm the day before an OSV's departure in order to be loaded on that vessel. In an emergency an offshore installation can use priority for earlier deliveries. There are also significant amounts of backload from the installations to the depot. These volumes represent about 75% of the outgoing product amount.
Government regulated licenses constrain which onshore supply depots that are to supply which offshore installations. All products from external suppliers must be handled at the depots. At the depot, the products are prepared before transportation on an OSV. This includes that appropriate load carriers, such as specialized containers, baskets, frames or tanks, must be selected. The products are packed and secured in load carriers before the load carriers is secured and labeled with the destination installations. Even though there is a weekly plan with routes and schedules, the sailing plan for an individual OSV voyage is usually adjusted before departure based on the actual registered demand and priorities from offshore installations. Before the OSV can depart from the depot, the products must be loaded on the OSV. During stowage planning, there are several issues to consider, such as utilization of the vessel's deck space and bulk tank capacity, reach of the cranes at the offshore installations, and weight and vessel stability.
Rough weather conditions may delay the OSVs' departures from the supply depot. After departure, the OSV continually communicates with both planners at the depot and the offshore installations to be visited. Before an OSV can enter the zone 500 meters around an installation it must receive a permission to do so. After entering this zone the preparation for unloading/loading operations starts at the installation.
The most critical activity in the supply chain is the lifting operation between the OSV and the installation, especially under rough weather conditions. Proper planning in advance is therefore important to reduce the time, and hence the risk, related to this operation. This planning must also consider in which areas of the installation the different products are to be used so that the products can be lifted in a sequence that avoids that the OSV must move between the installation's cranes during the operation. It is also important that the backload has been registered correctly to avoid vessel capacity issues. Bulk products are unloaded/loaded by pumps through tubes. Before the OSV departs from the offshore installation a documentation of what has been unloaded/loaded is exchanged between the installation and the OSV.
After departure from the last offshore installation on the route, the OSV reports about its status, e.g., regarding backload and delays. The OSV sails back to the onshore supply depot, which prepares for its arrival. This preparation includes assigning cranes and a berth to the OSV, and planning to receive the backload. When the OSV berths at the depot it will be unloaded. Bulk tanks will be prepared for the OSV's next voyage, which may involve cleaning of the tanks.
Problem description
The OSV planning problem consists of identifying the optimal fleet composition of OSVs that are to service a given set of offshore installations from one common onshore supply depot while at the same time determining the weekly routes and schedules for the OSVs. In this setting a route is a combination of one or more voyages, starting and ending at the supply depot, that an OSV sails during a week. The OSV may visit one or more offshore installations during a voyage. The problem is illustrated in Figure 3 for a problem instance with eight offshore installations. The objective of the OSV planning problem is to minimize the costs while at the same time maintaining a reliable supply service. The costs to be minimized are the OSV time charter costs and the sailing costs of the voyages. The onshore supply depot and the offshore installations have opening hours during which OSVs can be unloaded/loaded. The depot is open for service during regular Norwegian working hours (0800-1600). Installations are either closed for OSV unloading/loading operations at night (1900-0700) or open for such operations 24 hours. The turnaround time for an OSV at the supply depot is eight hours, which coincides with the opening hours. This implies that an OSV will need to arrive at the depot before 0800 to start on a new voyage the same day. All voyages are assumed to start from the depot at 1600. Limited capacity at the depot sets a bound on the number of OSVs that may be prepared for a new voyage on a given day. This number varies during the week due to personnel availability, typically with less capacity at weekends.
Historical data show that deck capacity is the binding capacity resource for the OSVs. This capacity varies from about 600 to 1100 m 2 for the available OSVs. All demands from offshore installations are thus given in m 2 deck capacity. Backloads need to be transported from the offshore installations to the onshore supply depot, but this volume will in almost every case be less than the demand, hence it is assumed that there will be enough capacity to cover the backload. The installations' demands are estimated from historical data as weekly demands. The installations need to receive a given number of visits during the week, thus the demand for each visit is the weekly demand divided by the number of visits. The demand is not necessarily evenly spread throughout the week; hence it is upscaled by a load factor of 20% to allow for some variations. The total demand for all installations visited on a voyage cannot exceed the capacity of the OSV sailing the voyage. The departures from the depot to a given installation need to be evenly spread throughout the week, i.e., not in a strict sense, but somewhat spread during the week. It is more important to spread the departures to an installation than the visits as the demand from an installation is reported continuously. Hence, if an installation requires three visits a week and the OSVs visiting the installation leave the depot on three consecutive days, a demand may be called in after the last OSV has left and it will be up to five days until the next departure. This may require that other OSVs must be rerouted or even in some cases that one has to send out a helicopter to meet the demand which will in most cases be very costly. Such situations can to a large extent be avoided with evenly spread departures. Voyages with evenly spread departures for a small instance with two OSVs and seven offshore installations is illustrated in Figure 4 . The duration of a voyage is rounded up to nearest integer number of days, and will vary depending on the number of installations visited, their service times, the sailing distances between them, and the service speed of the OSV sailing the voyage. Too short voyages with few visits are not desired as the OSVs' capacities will not be well exploited. Very long voyages should also be avoided as they involve more uncertainty regarding sailing time. Hence, minimum and maximum duration of voyages and number of visits for each voyage are introduced.
A solution to the OSV planning problem with three OSVs and seven offshore installations (A, B,. .., G) is illustrated in Figure 5 . The shaded areas 
Literature review
The OSV planning problem can be considered a combined fleet composition and periodic routing problem. It has similarities to the well-studied vehicle routing problem (VRP), e.g., there is one common onshore supply depot where the OSVs' voyages start and end, similar to a depot in a VRP. However, the OSV planning problem is more complex than a traditional VRP. The planning horizon for a VRP is typically one day (a single time period), while the OSV planning problem has a planning horizon of one week (multiple time periods). Other constraints, such as opening hours at the installations and the supply depot, installations that require more than one visit during the planning horizon and OSVs that may sail more than one voyage complicate the OSV planning problem further compared with the VRP. It is also a periodic routing problem where part of the objective is to create a weekly sailing schedule that repeats itself.
There are some papers that consider routing and logistics problems in offshore supply service. [1] discusses the role of OSVs in the offshore logistic chain as these are identified as expensive resources. The focus is on analyzing the design of the OSVs to see how they can be improved to better support operations. Supply operations in the Norwegian Sea are studied in [11] that presents an integer programming model based on a priori generation of voyages. Their model can only be used to solve a simplified version of the OSV planning problem as some complicating aspects such as spread of departures, service capacity constraints for the onshore supply depot and maximum/minimum duration of voyages are omitted. [25] proposes a large neighborhood search heuristic for the periodic OSV planning problem, and [21] presents a simulation model for the problem that can be used to evaluate alternative vessel fleet configuration under stochastic sailing and service times. [16] studies the routing problem arising in the supply service of offshore installations. The problem considered is a single vehicle pickup and delivery problem with capacitated customers where the backload from and limited storage capacity at the installations also are considered. The objective is finding a least-cost voyage starting and ending at the supply depot that visits each installation.
Some studies in the literature have addressed aspects of the OSV planning problem discussed in Section 3. The fleet composition problem considers the strategic decision of determining an optimal fleet of vehicles. Models for the fleet composition problem often include routing decisions as it is necessary to consider the underlying structure of the operational planning problem, see, e.g., [8] . An early reference to this problem is [15] that presents a mathematical formulation for the problem and suggests several heuristic solution procedures. A fleet composition problem from the maritime industry is presented in [10] . [20] presents a literature survey on fleet composition and routing problems in both road-based and maritime transportation. This survey paper discusses industrial aspects and presents basic mathematical models for the problem found in the literature. The authors reviewed in total about 120 scientific papers that could be classified in the category of fleet composition and routing.
VRPs with multiple use of vehicles consider the VRP problem where each vehicle may be assigned to more than one trip during the planning horizon. The problem of assigning a set of trips to a heterogeneous fleet of trucks was studied in [23] . Here, two heuristic methods to solve large sized problems are proposed. [27] proposes a tabu search heuristic for the problem while [5] presents a tabu search heuristic to a more complicated version of the problem. Furthermore, in [6] the authors present a simplified version of their tabu search algorithm to compare it with the one proposed in [27] . [2] presents an exact algorithm for the VRP with time windows and multiple use of vehicles using a branch-and-price approach.
The periodic vehicle routing problem (PVRP) is a generalization of the VRP where vehicle routes are constructed over a planning horizon that can be more than one day, see, e.g., [14] . Decisions to be made are when to visit the customers during the planning horizon (and there can be multiple visits to each customer), assigning visits to vehicles, and optimizing the routes for each vehicle. The OSV planning problem has an extra challenge: A route (voyage) may last more than one day. Therefore it is necessary to ensure that an OSV is not assigned to overlapping voyages. An early study, [4] , proposed a heuristic for a PVRP for municipal waste collection. A heuristic algorithm for the PVRP based on an algorithm designed for the VRP (see [12] ) can be found in [28] . Some later references are [3] that presents a two-stage heuristic for a real PVRP for the collection of recycling paper containers, and [19] that proposes a heuristic based on variable neighborhood search. A twophase approach for the tactical problem of deciding dates to visit customers and assigning them to vehicles is presented in [22] , leaving the sequencing decisions to be decided on an operational level. Literature on the PVRP where one single route may last more than one day is scarce. Two relevant papers are [10] and [11] , where there are also multiple use of vehicles.
Mathematical models
This section presents two mathematical model formulations for the OSV planning problem: A new arc-flow model formulation is presented in Section 5.1, followed by a voyage-based model approach in Section 5.2.
Arc-flow model
In the following we present the arc-flow model for the OSV planning problem. We start by introducing the notations before the general model formulation is presented. Some additional constraints are then introduced.
In the underlying network for the problem, a node represents an offshore installation or the onshore supply depot. Let set N contain all nodes. Set V contains all available OSVs that can be time chartered. Set T contains all time periods (days). The length of the planning horizon is defined as |T | (seven days/one week). C
T C v
is the weekly time charter cost for OSV v, v ∈ V. Then, C S vij is all costs associated with OSV v servicing installation i and then sailing to start the service of installation j, i, j ∈ N . T vij is the time used by OSV v to service installation i and sail from installation i to j, in hours. Index o represent the onshore supply depot, o ∈ N . The service time for the onshore supply depot is defined as the turnaround time. S i is the weekly visit frequency for installation i. T M N and T M X are the minimum and maximum duration of a voyage in days, and R M N and R M X represent the minimum and maximum number of installation visits on a voyage, respectively. D i is the demand for deck capacity on an OSV for a visit to installation i, and Q v is the loading capacity of OSV v. H is the length of a time period in hours (24) , and B t is the maximum number of OSVs that can be serviced at the onshore supply depot at day t, t ∈ T .
The binary variable δ v equals 1 if OSV v is used, and 0 otherwise. The binary flow variable y vijt equals 1 if OSV v starts on a voyage on day t and sails directly from i to j on that voyage, and 0 otherwise. The support variable z vit equals 1 if OSV v visits node i on a voyage starting on day t, and 0 otherwise. The continuous variable ω vjt is the waiting time variable, and equals the number of hours OSV v, starting on a voyage on day t, waits before start of service at installation j upon arrival at the installation. Finally, variable d vt is the duration of a voyage (in whole days) sailed by OSV v starting on day t.
The arc-flow model for the OSV planning problem can be formulated as follows:
subject to
The objective function (1) minimizes the time charter costs for the OSVs and the sailing costs for the voyages. Constraints (2) define the support vari-ables, z vit , to be 1 if OSV v sails to installation i on a voyage starting on day t. Constraints (3) ensure that installations get the required number of visits during the planning horizon. Constraints (4) are the flow conservation constraints, and constraints (5)- (6) ensure that voyages start and end at the supply depot. The two constraint sets (4) and (5) will alone ensure that an OSV that sail from the supply depot once also has to sail into the depot once. Hence, constraints (6) are redundant but are kept in the model formulation for consistency. Constraints (7) ensure that there will be a maximum of one departure from the supply depot on a given day for an OSV, and maximum one visit to any given installation during a voyage. The constraints also ensure that if OSV v sails a voyage, δ v must equal 1. Constraints (8) set the value of the voyage duration variables d vt to the sum of all service, sailing and waiting times rounded up to nearest whole time period (day). Constraints (9) limit the duration of voyages to be within a minimum and maximum number of days, and ensure that d vt is 0 if OSV v does not start on a voyage on day t. Constraints (10) limit the number of installation visits on a voyage to be within a minimum and maximum, constraints (11) are the OSVs' capacity constraints, and constraints (12) are the supply depot capacity constraints limiting the number of OSVs that may be prepared for a voyage starting on day t. The non-negativity requirements for the waiting variables are set by constraints (13) , and constraints (14)- (16) set the binary requirements for variables δ v , y vijt and z vit , respectively.
To avoid OSVs sailing overlapping voyages, these constraints need to be added:
For p = 1, constraints (17) ensure that if OSV v starts on a voyage on day t, it cannot start on a new voyage on day t + 1 if the duration of the voyage is more than one day, and for p = 2 they ensure that an OSV cannot start on a new voyage on day t + 2 if the duration of the voyage is more than two days. 
Constraints (18) ensure that if an OSV sails from installation i to j on a voyage, the service on installation j cannot start until the OSV has had time to service installation i and sail from installation i to j. These are equality constraints, and waiting before the start of service is allowed by giving the waiting time variable, ω vjt , a value greater than zero. The constraints are nonlinear, but they can easily be linearized following the procedure described in [30] , pp. 157-158. The linearized constraints are then expressed as follows:
The constants M 1 and M 2 are lower and upper bounds on the expression
Constraints (19) are time window constraints, and ensure that the service at an installation starts within the time window on the day the service begins. Constraints (20) ensure that a service at an installation can only start on one specific day if the installation is visited on the voyage.
Constraints (17)- (20) are sufficient if maximum duration of voyages is three days and additional constraints must be added if longer durations are accepted.
To ensure evenly spread departures, we introduce the following sets and parameters: Set K contains potential weekly installation visit frequencies. Then subset N k ⊆ N contains the installations that require k weekly visits. G k ∈ [0, |T |] represent the length of a sub-horizon for installations with visit frequency k, and P k and P k are lower and upper bounds on the number of visits during a sub-horizon of length G k . Then the following constraints are defined for evenly spread departures:
Constraints (23) ensure that there will be maximum one voyage starting on day t that is to visit any installation i. They also ensure that there will be no more than one visit to any installation visited on a voyage, and hence make constraints (7) (23)- (24) do not ensure evenly spread departure in a strict sense, but they ensure that the departures are somewhat spread during the week. These constraints were chosen as they were the ones preferred by Statoil.
Constraints (23)- (24) do not ensure that the actual visits to an installation is spread. Hence, two visits to an installation can be very close, or may even be planned at the same time, if an installation is visited late on a voyage starting on one day and early on a voyage starting on the next day. This can be avoided by adding so-called collision constraints. An example of such constraints applied for the voyage-based model can be found in [18] . For the arc-flow formulation, the α vitu variables can be used to express conditions that will avoid planned visits to an installation by two OSVs at the same day.
Voyage-based model
The OSV planning problem can be reformulated using a voyage-based model in which the variables represent feasible single OSV voyages. The solution determines which OSVs should sail which voyages on what days, and hence the vessel fleet is also decided. A method based on such a model with all feasible voyages generated a priori is proposed in [18] and is summarized in the following. This method is an extension of the one proposed in [7] and [13] for real maritime routing problems. The difference is that in [7] and [13] , full ship routes that usually consist of several subsequent voyages are generated a priori, whereas here, the routes will be determined by solving the voyagebased model that chooses and packs voyages for all OSVs. An overview of the method is shown in Figure 6 . The voyage generator is a program that generates all candidate voyages. These voyages satisfy constraints (4)- (11) and (18)- (20) from Section 5.1. The procedure consists of generating all possible subsets of offshore installations that may be visited during a voyage. Then, for each subset, a traveling salesman problem (TSP) with multiple time windows is solved. Due to the limited sizes of the TSPs they are solved by a full enumeration procedure. For each subset, the voyage with shortest duration is chosen, which in most cases also will be the one with shortest travel distance and least-cost. When the voyage with shortest duration is not the one with shortest travel distance and the one with shortest travel distance is marginally longer, the voyage with the shortest travel distance will be picked. A detailed description of the voyage generation procedure is given in [18] . The set of voyages generated by the voyage generator, R, is input to the voyage-based model. Let sets V, N , T , K, N k , parameters G k , P k and P k and variable δ v be defined as in Section 5.1. Further, let set R v be the set of candidate voyages that OSV v may sail and L a set containing all possible voyage durations in days (two or three). Then set R vl contains all candidate voyages of duration l that OSV v may sail,
represents the weekly time charter cost for OSV v, C S vr the sailing cost for OSV v sailing voyage r, r ∈ R, while D vr is the duration of voyage r sailed by OSV v in days, rounded up to nearest integer. S i is the required weekly visit frequency to offshore installation i, F v the number of days OSV v can be in service during a week, B t the number of OSVs that may be serviced at the onshore supply depot on day t, and the binary parameter A vir is 1 if vessel v visits offshore installation i on voyage r, and 0 otherwise. Finally, we define binary variable x vrt that equals 1 if OSV v sails voyage r on day t, 0 otherwise.
The mathematical formulation for the voyage-based model then becomes:
The objective function (25) is similar to the objective function for the arcflow model (1) and minimizes time charter costs and sailing costs. Then constraints (26) like (3) ensure that the installations get their required number of weekly visits, and constraints (27) ensure that an OSV is not in service more days than it is available during a week. These constraints also ensure that δ v equals one if an OSV is in service. Constraints (28) like (12) limit the number of OSVs that can be serviced at the onshore supply depot on a given weekday, and constraints (29) ensure that an OSV does not start on a new voyage before it has returned to the onshore supply depot after last voyage, as constraints (17) . Constraints (30) ensure that the visits to the offshore installations are evenly spread throughout the week, and correspond to (23)- (24) . Constraints (31) and (32) set the binary requirements for the δ v and x vrt variables, respectively.
Numerical analysis
The arc-flow model formulation and voyage-based solution method presented in Section 5 have been implemented and tested on problem instances based on a real OSV planning problem faced by Statoil. The problem instances are described in Section 6.1, followed by numerical results in Section 6.2.
Problem instances
The problem instances are generated from real data provided by Statoil. The data set contains eleven offshore installations that are permanently serviced from Mongstad supply depot, and three floating rigs that at a point in time were also serviced from Mongstad. This is Statoil's largest OSV planning problem.
A total of 22 problem instances were generated. These are the same instances used in [18] . They are numbered after how many offshore installations there are and how many of them that have opening hours (time windows) for when to receive service: Problem instance 3-0 has three installations where none have opening hours, and 14-3 has a total of 14 installations where three have opening hours. The opening hours are equivalent to installations having (multiple) time windows for when to receive service, and they are always between 0700 and 1900 every day.
The problem instances have from three to fourteen installations. The number of weekly required visits for installations varies from one to six, and total number of weekly visits for the problem instances varies from 16 to 59. The installations weekly demands vary from 250 to 960 m 2 . The demand for each visit vary from 50 to 334 m 2 . The service times at the installations are between 2.25 and 7 hours.
Five OSVs are available for time charter. Their loading capacities vary from 900 to 1090 m 2 . Time charter rates are above USD 100 000 per week for all OSVs. The rates vary depending on the OSVs' loading capacities, the OSV with least capacity having the lowest rate. The service speed for all OSVs is 12 knots.
The duration of voyages is two or three days. Minimum number of visits on a voyage is limited by the minimum duration of two days, and maximum number of visits is eight installations. The capacity at the supply depot is three OSVs each day Monday to Saturday, and zero on Sunday when the supply depot is closed.
All results were obtained on a 2.16 GHz Intel Core 2 Duo PC with 2 GB RAM. The arc-flow and voyage-based model formulations were implemented in Xpress-IVE 1.19.00 with Xpress-Mosel 2.4.0 and solved by XpressOptimizer 19.00.00. Maximum CPU time when solving the Xpress-MP models was set to 10 000 seconds. The voyage generator was written in C++ using Visual Studio 2005. Table 1 shows the results from running the 22 problem instances by the arcflow and voyage-based models. Reported in the tables are the CPU times in seconds, optimality gap (gap between the solution and best known lower bound), number of vessels used in the solution (#vess) and the total number of voyages they sail (#voy). For the voyage-based model we only report CPU times from running the model in Xpress-MP, and not from the voyage generation procedure. The CPU times for generating voyages varied from 0 seconds for the smallest instance to just over an hour for the largest instance. Table 1 Results, arc-flow and voyage-based models. Letter A and V indicate that the numbers are for the arc-flow and voyage-based models, respectively. O-gap is the optimality gap reported by Xpress-MP. Gap is the percentage gap in objective value between the solutions from the two models, a positive gap means that the objective value of the voyagebased model is lower than that for the arc-flow model.
Numerical results
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A The results show that the arc-flow model solves only the smallest problem instances within short CPU times. For most other problem instances, the CPU time limit of 10 000 seconds was reached before an optimal solution was found or proven. We do observe, however, that for many of the problem instances the solutions reported are the optimal ones: The percentage gaps from the solution found from using the voyage-based solution method are small or zero for most of the problem instances with no time windows.
With time windows, we observe that the percentage gaps between the solutions found by the two models are large for some of the large-sized problem instances. The arc-flow model formulation becomes harder to solve when time windows are introduced, while there is no impact on the voyage-based model as these additional constraints only affect the voyage generation procedure. We observe that the problem instances with the highest gaps between solutions from the arc-flow and voyage-based models are the real sized problem instances 11-3 to 14-3. These results indicate that the voyage-based model formulation outperforms the arc-flow model. Still, the arc-flow model has some value: It provides a more precise description of the problem compared to the voyage-based model, in which some of the problem details are hidden in the voyage generation. The arc-flow model's performance can also be improved by adding cuts, e.g., in a branch-and-cut scheme.
We observe that the voyage-based solution method gives optimal solutions within the CPU time limit for all but the largest problem instances, and that the optimality gap is less than 1% for all but one problem instance. For this instance we observe that the gap is still small enough to conclude that it is not possible to reduce the size of the fleet, i.e., the optimal fleet composition is found, which is the main objective for the OSV planning problem.
The problem instances developed represent a good span of the real-life OSV planning problem Statoil needs to solve, and for all practical purposes we obtain good results for all of them with the voyage-based solution method. This indicates that this solution method is well suited for solving the OSV planning problem faced by Statoil.
A decision support tool based on the voyage-based model is implemented and used by planners in Statoil. [18] reports how the model has been extended to deal with a number of additional practical constraints. Examples of such constraints are that some offshore installations require departures on specific days and that the planners prefer voyages with maximum duration of two days except from departures on Fridays and Saturdays, for which they also allow three days voyages. Furthermore, [18] discusses how the visits at the installations can be spread during the week (and not only the departures). The paper also present various what-if analysis for which the model has been used to provide decision support.
Weather impact and robust planning
The main objective for the OSV planning problem is to determine the optimal fleet composition. To obtain this objective, voyages and schedules also need to be considered. The sailing schedule should represent a schedule that realistically can be executed. However, the actual sailed schedule will often differ from the planned one as the operational problem involves many uncontrollable factors that can result in rescheduling. In this section we demonstrate how the weather impact may be taken into account leading to more robust planning.
The prevailing weather conditions affect the OSVs' sailing speed and the unloading/loading operations at the offshore installations. This may have huge consequences for the offshore supply service, especially during the winter season in the North Sea. The significant wave height is the critical factor (the average wave height, trough to crest, of the one-third largest waves). Table 2 classifies four weather states based on the significant wave height and shows the reduction in sailing speed (in knots based on a service speed of 12 knots) and percentage increase in service time for unloading/loading operations at offshore installations in each state. Statoil acts in accordance with these states in their supply vessel service. WOW stands for waiting on weather and means that OSVs cannot execute offshore unloading/loading operations and will have to wait for better weather conditions. This condition occurs when significant wave heights are above the critical limit of 4.5m. Other uncertain parameters than weather may also affect the OSV planning problem, but weather is the major one. Hence, we choose to consider weather conditions when creating robust solutions to the OSV planning problem. Figure 5 illustrates a solution where a small decrease in sailing speed or increase in service time may result in delays that will affect later voyages. This is especially critical for the voyages sailed by OSV 1 on Tuesdays and OSV 2 on Wednesdays.
Robustness approaches
The two models presented in Section 5 find the optimal solution assuming deterministic OSV service speeds and service times at offshore installations. Here we present some robustness approaches that can be incorporated with the voyage-based solution method from Section 5.2 to create robust schedules that can better withstand uncertainties in weather conditions. These are compiled from [17] .
Adding slack
We define slack as an OSV's idle time after ending a voyage and before the start of preparation for next voyage. Hence, a voyage where an OSV returns to the supply depot at 0430, assuming the OSV needs to start preparation for next voyage at 0800, has slack of 3.5 hours. When voyages are joint in a weekly schedule, a voyage may have more than 24 hours slack if an OSV has one or more idle days before starting on next voyage.
Slack in a schedule gives the OSVs time to catch up when they are delayed. Therefore slack can be used as a robustness approach. Two approaches are identified that introduce and value slack in a schedule. These can easily be incorporated with the voyage-based solution method.
1. Require a given number of slack hours for each voyage: All generated voyages with less slack than required are either discarded (if the duration of the voyage is maximum duration) or are transferred into longer voyages by adding 24 hours slack. Every voyage will then allow for some delays due to reduced sailing speed or increased service time at the offshore installations. 2. Give value to idle days for the OSVs in the schedule: Add a robustness profit to OSVs with idle days. This can for example be to add a robustness profit for each OSV that sails no more than two voyages during the week (which, with maximum duration of voyages of three days means that the OSV will have minimum one idle day). Figure 5 can be used to illustrate the value of approach two: OSV 3 sails one voyage with duration of two days during the week and has five idle days. OSVs 1 and 2 have no idle days. Hence, a more robust schedule would be if, for example, the voyage sailed by OSV 1 starting on Thursdays was sailed by OSV 3.
The idea of using slack to create robust solutions has been proposed for other planning problems. E.g., to create robust crew schedules for the airline industry, [9] and [29] penalize short ground times when aircrew are changing aircrafts.
An optimization and simulation framework
To create robust and resilient schedules to the OSV planning problem, we propose a solution method that combines optimization and simulation. The method consists of three steps:
Step 1 Generate all candidate voyages the OSVs can sail
Step 2 Simulate each candidate voyage and assign a robustness measure
Step 3 Solve voyage-based model with voyage robustness measures Steps 1 and 3 are equivalent to the two phases for the voyage-based model. In Step 2 we use statistical weather data to calculate robustness measures for each candidate voyage. These are then used to create a robust weekly schedule for the OSV planning problem by adding a penalty cost in the objective function. Figure 7 shows a flow chart of the simulation procedure. For each simulation a set of consecutive weather states is drawn from the probability distribution. Four weather states are defined as shown in Table 2 . A time interval of six hours is used, which means that each weather state lasts for six hours before weather conditions may change. Each weather state has a start state probability as shown in the last column of Table 3 . Next weather state will be dependent only on the current weather state, a random process recognized as a Markov chain, see, e.g., [24] . The probability of moving from one weather state to another, the transition probability matrix, is also provided in Table 3 . All probabilities are calculated from historical weather data provided by Statoil for the winter season in the North Sea. When weather states are drawn, a voyage is simulated according to the reduction in sailing speed and increase in service times imposed by the weather states. If the voyage cannot be completed within the maximum duration of that voyage, i.e., if the voyage has two day duration and the voyage in the simulation has not returned to the supply depot by the end of day two, the installation with the least demand is removed from the voyage. The procedure continues until the voyage can be completed. The sum of the demand from the removed installations, the total demand in m 2 not delivered, is stored and a new simulation executed. The average demand not delivered over all simulations for each candidate voyage is the output from the simulation procedure.
The objective function (25) from Section 5.2 is replaced with:
Here, E vr is the average demand (in m 2 ) not delivered for voyage r sailed by OSV v, and C P is the penalty cost for each m 2 not delivered. The penalty cost is estimated based on the real cost of not delivered volume: The volume will have to be delivered by a different OSV at a later time, either as rerouting of an OSV in the fleet or by an additional OSV on short term charter at a higher cost, or by a helicopter at a very high cost. Hence, the penalty cost is calculated as the cost of a three day voyage sailed by an OSV time chartered at a somewhat higher rate divided by the OSV's capacity (in m 2 ). To test the weekly fleet schedules obtained with the robustness approaches, a schedule simulation model has been developed. In the simulation model, a sequence of weather states for the whole planning horizon of the schedule is drawn, and for each individual voyage in the schedule the consequences, i.e., the penalty cost for average not delivered volume, is calculated. Idle days for OSVs are added as slack to the voyage sailed prior to the idle day(s), giving the voyage 24 hours (or more) of extra slack.
Results from applying robustness approaches
To test the robustness approaches, 8 problem instances are generated based on the problem instances from Section 6. As before, there are five OSVs available for time charter. The problem instances have 10 and 13 offshore installations, where 1, 3, 5, or 7 have time windows for service. The total numbers of visits are 43 and 55, and the total weekly demands are 5995 and 7429 for the instances with 10 and 13 offshore installations, respectively. The onshore supply depot has capacity to service three OSVs Monday to Saturday and is closed for service on Sunday.
The voyage and schedule simulation models were both written in C++. Results are all obtained with the same computer setup as in Section 6 with a CPU time limit of 3600 seconds for the voyage-based model. The robustness cost in SimSol and Combined is calculated as described in Section 7.1.2. The robustness profit in Max2 and Combined is set to the average weekly time charter rate divided by 14.
Each candidate voyage is simulated 100 times in the simulation program for problem instances with 10 offshore installations, and 20 times for the instances with 13 offshore installations due to time restrictions. The total CPU times for the simulations were 1-2.5 hours, and 33-50 hours for instances with 10 and 13 offshore installations, respectively.
For a given solution's weekly fleet schedule, we calculated the extra cost for not delivered volume by running the schedule simulation model. Since the schedule simulation model runs simulations on only a small number of voyages the CPU times are low. Hence, we ran 10 000 simulations on each weekly fleet schedule. The total CPU time for 10 000 simulations was up to 90 seconds. Table 4 shows the results. A bold solution cost indicates that the Xpress-MP optimizer did not prove optimality within the CPU limit time of 3600 seconds (gaps from optimal solutions are, however, less than 1% for all instances). The Basic schedule is good for problem instance 10-1 but poor for all other problem instances. The SimSol weekly fleet schedules have the overall best results, 3.42% better on average than the Basic ones. The SimSol weekly fleet schedules beat the Basic ones for all problem instances but 10-1, while the Combined weekly fleet schedules outperform the Basic ones for all problem instances.
In general we see that addressing robustness give added value as the solutions obtained have a higher potential of being successfully executed. The planned cost of the weekly fleet schedule will be somewhat higher than if robustness is not considered, but the simulated extra costs, that represent a better estimate for the real costs, will be less and hence provide a reduction in total cost. However, as the schedules are created by uniting individual voyages in the voyage-based solution method, and we address robustness to individual voyages, a schedule created without considering robustness can potentially perform well with respect to robustness cost, as illustrated by problem instance 10-1.
Concluding remarks
This paper considered the offshore supply vessel (OSV) planning problem, which consists of determining an optimal fleet size and mix of OSVs to time charter, as well as their weekly routes and schedules for servicing offshore oil and gas installations from an onshore supply depot. This is a real-life planning problem and the work originates from a research project with Statoil, the leading operator on the Norwegian continental shelf. We have presented both a new arc-flow model and a voyage-based model for solving the OSV planning problem. A computational study showed that the voyage-based model outperforms the arc-flow model on the real planning problems. However, the arc-flow model has some value as it provides a more precise description of the problem compared with the voyage-based model for which some of the problem details are hidden in the voyage generation procedure. A decision support tool based on the voyage-based model has been used by planners at Statoil for the supply service from one of the supply depots along the Norwegian Coast. The use of this tool has enabled a reduction in the number of OSVs while maintaining an efficient and reliable supply service. Cost savings of this reduction was estimated to approximately 3 million USD/year.
The weather conditions at the Norwegian continental shelf can be harsh, especially during the winter season. Wave heights may limit both an OSV's sailing speed and its ability to perform unloading/loading operations at the installations. Hence, we analyzed the weather impact on the execution of a schedule and proposed some robustness approaches to obtain solutions that can better withstand delays due to rough weather conditions. Simulations indicated that such solutions are both more robust and have lower expected costs.
The voyage-based model succeeded in solving Statoil's OSV planning problem. However, it can be observed from the computational results that this method reached its limits with respect to problem sizes. Column generation schemes or heuristic methods should be developed for obtaining solutions to larger problems, like the ones proposed in [25] . Such methods may also be of interest if the scope is extended from considering the OSV planning problem from one onshore supply depot to perform the planning from several depots simultaneously. Today's license regulations restrict the possibility to change the depot from which an installation is serviced, but it can be of interest to evaluate the potential cost reduction by more than one depot sharing a fleet of OSVs. This option results in a larger, more complex problem, and the solution methods presented in this paper would probably no longer suffice.
